A formula is given for the neighbour distribution function in liquids and dense gases, assuming that each atom is vibrating in the field of its neigh bours when in their equilibrium positions. It is shown that a parabolic potential leads to a simple result. Applying this to potassium, we find a structure which bears some resemblance to a body-centred cubic. Finally we show how interatomic fields may be derived from the distribution function of a single shell of neighbours, when this has been determined from experiment.
One of the main theoretical problems of liquid structure is the determina tion of the average distribution of atoms about any selected atom, and the most successful method of obtaining this information at present is by means of the X-ray diffraction patterns given by liquids. I t was Debye (1930) who first showed how probability distribution functions could be inferred from observed intensity patterns of diffracted X-rays. A function p(r) is used to define the probability th at two atoms are at specified distances apart. This helps to define what has been called the quasi-crystalline structure of a liquid. It assumes th at a liquid is homogeneous and th at the average environment of each atom is the same.
The form of this distribution function has recently been found for a number of simple liquids. Mercury, gallium, potassium and sodium have recently been investigated and their distribution functions derived (Menke 1932 , Gingrich 1939 . These may be regarded as made up of a series of co ordination shells somewhat similar to those in a solid but differing from them in th at the shells are not at precise distances but are distributed with some degree of randomness about certain mean positions. Prins and Petersen (1936) assumed the individual peaks in the distribution function to be like Gaussian probability curves and this type has been used widely. The 402 J. Corner and J. E. Lennard-Jones number of atoms (N{) in the various co-ordination shells and the positions of their maxima were assumed by Prins to be the same as in the solid. A further development of this method is due to Bernal (1937) who assumed each shell to be distributed according to a Gaussian probability function so that it is determined by Nit the position of its maximum and a quantity Af, which is a measure of the spread. He attempted to determine the geo metrical conditions which must be satisfied by successive shells and tried to find the constants of all outer shells in terms of those of the first layer. The distribution function was thus expressed in terms only of three parameters.
Attempts have recently been made to calculate the shapes of these component curves for assumed models of liquids and given intermolecular forces. Thus Wall (1938) has considered a model in which each atom of a liquid is free to move in a spherical cell. Within this cell the potential energy is constant and outside it is infinite. This implies a uniform probability of finding the atom within equal elements of volume in the cell. It is then possible to calculate the probability th at an atom in one cell is at a specified distance from one in another, and this is found to be a function of the size of the cells and the distance between their centres. By a comparison of theoretical and experimental distributions it is possible to fix the constants of the field. The method used by Wall can easily be generalized to apply to any model of a liquid in which the atoms are assumed to vibrate similarly and independently. Coulson and Rushbrooke (1939) have shown th at for all such models the theoretical distribution has the property that rp(r) due to each shell is symmetrical about a certain value of r, whereas it had pre viously been assumed, following Prins, th at p(r) itself was symmetrical.
In this paper the distribution function is calculated by similar methods for intermolecular forces of a more general type, so th at once these forces have been derived, as they have now been derived for several atoms and molecules, the molecular distribution of the liquid can be calculated for various models. The theory is applied in some detail to potassium. We also indicate in this paper how to find intermolecular forces from a knowledge of the X-ray diffraction data. This paper is restricted to monatomic substances. Polyatomic molecules with a high degree of symmetry form liquids with properties very similar to those of monatomic substances. In such cases the distribution of the molecules may be roughly the same as the distribution of atoms discussed here; it might be possible to obtain the average distribution of scattering matter by a further averaging. This would involve the types and positions of the atoms in the molecule, and so a general result would be complicated. However, special cases might be discussed on these lines.
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General formulae
Let the macroscopic density be p0 atoms per c.c. The tion function p(R) is defined thus: the probability of finding an atom at a distance between R and R + dR from any central atom is 4nR2p0p(R) dR.
We will assume that the excursions of an atom from its mean position are determined by the field of its neighbours in their mean positions. Thus we neglect correlation between the motion of neighbouring atoms. This assumption must break down when a neighbouring atom can be easily displaced from its mean position, as, for example, in the critical region. At liquid and solid densities there is probably little error due to this simplifying assumption. Let p(r) dr be the probability th at an atom is at a distance between r and r + dr from its lattice site, when all its neighbours are at their equilibrium positions. The probability can be assumed to be a function of r only, as we have written it, if the number of neighbours of each atom is sufficiently large, say 8 or 12.
Consider two atoms, whose lattice sites are at positions C and D. With the notation shown in figure 1, we have R2 = r2 + y2 -cos 0 and so the area on the sphere of radius r, which lies in a range dR of R, is 2nr2 sin 6 dO 2rrr2 RdR ry
Thus the probability of such configurations, taking all positions on a sphere as equally probable, is RdR/2ry. The probability of having R in a range dR, when / , O' are fixed, is 
E. Lennard-Jones
We must now average over all r' and O'. As before, the probability of y lying in a range dy is ydyj2r'z, for fixed / , so th at the probability in a range dR, averaged over all positions of C, D in their cells, is
Let the mean positions of the atoms form a lattice such th at around any site there are successive shells of Ni sites, at distances zi (i= 1,2,...). I t is convenient to denote zx by a. The probability of finding distance between R and R + dR from any atom is 
y2g-H /(r)/kT'
MSttPqC lR i zt
" ( y + R ) / a r dy r(y+ Zi)/a r'
A notation, which has been used in previous papers of this series, is -2 Then putting we have
I (j>-R la I A considerable simplification follows from the fact th at the exponential terms are negligible when £ and y are greater than for otherwise it would not be possible to say th at the atom was in the neighbourhood of a lattice site. But zja> 1 ,so th at the integral involving £ is non-zero o if | < p -zi/a | is less than |, in which case is greater than In this case the upper limits < f> + zija and (j> + Rja are certainly greater tha can be replaced by giving (2) is a function of (z* -R ) / ao nly, and we can G{{zt -R)/a). We then have
where pt(R) iitp^aR z,:
An equivalent formula has been proved by Coulson and Rushbrooke (1939) . Some special cases may be noted. In the first place, a cell potential in the form of a trough with vertical sides is the example considered by Wall (1938) . He assumed free motion in a cell of radius cr, th at is, W{r) = 0 for ^ =00 for It can be verified that in this case (4) reduces to
(for | z* -R| ^ 2a), which was obtained by Wall. Another simple potential is a parabola, probably a fair approximation at liquid volumes. This potential can be written as If we neglect quantities involving e4, th at potential rises so steeply that the atom is effectively confined to a cell, then
Thus the distribution function from the shell is
This is effectively a Gaussian distribution, such as was used by Prins and Petersen (1936) and Bernal (1937) .
A pplications
Lennard-Jones and Devonshire (1937) have found W(r) by a suitable averaging. They considered a lattice in which each atom has c nearest neigh bours, and took the potential of a pair of atoms, at distance a, to be (7)
They showed that As an example, we may take a face-centred cubic lattice, whose volume and temperature are roughly those of argon at its boiling point. In this case c = 12, V -Na32*, where N is Avogadro's number, 17, (r0/a)6~ 0 8 , and in round figures A -100. Substituting in (6) and using the tables of Ni and zi for this lattice, given in a paper of Prins and Petersen (1936) , one finds the distribution function which has been plotted in figure 2. As there is little overlapping of the shells of neighbours, the variations are very pronounced.
It is unlikely that the theory will apply at the critical temperature, but tentative calculations have been made to see what kind of results would be obtained. The force-field (8) is then very far from parabolic, and the function 1(a) must be found by numerical integration. This has been done for tpJkT = 0-25 and 0-75, the latter being the critical temperature approxi mately. The interatomic distance ' a' was such th at corresponds, very nearly, to the critical volume on the theory of LennardJones and Devonshire (1937) and is somewhat smaller than the experimental critical volume. This interatomic distance was chosen to permit comparison The results of the two theories are very different. The peaks of the present theory are much less pronounced and are also less affected by temperature changes than are those of de Boer and Michel's theory. The former also extend much more towards R -0. The reason is clearly th our approximation that each atom is restrained by the average field of its neighbours; presumably the experimental curves would have sharper peaks than ours. There do not appear to be any experimental p(R) curves for the critical region of a monatomic gas. This is a gap in the experimental data which we hope will be filled in the near future. However, our curves show a property which was noticed by Spangler (1934) and Benz and Stewart (1934) , in experiments with ethyl ether and isopentane. Their diffraction patterns varied very little with temperature at a constant volume near the critical volume. Rushbrooke (1939) has calculated the shape of the peak in liquid argon at 90° K by numerical integration. He used a potential energy of slightly different form from th at which we -have used.
The formulae we have given can be used for the analysis of the p(R) curves derived from X-ray scattering data. I t is first necessary to choose some simple form of potential which is at least approximately correct, and has not too many arbitrary parameters. Wall (1938) assumed free motion inside a sphere, the 'free volume' accessible to the atom; he obtained his three variables, the number of atoms in the first shell, its position, and the size of the free volume (for sodium) by fitting to the left side of the first peak, assuming that this part was entirely due to the first shell of neighbours. Using Bernal's suggestions for N2/Nx and z2/a, Wall then found fair agreement with the experimental curves over the rest of the range. Coulson and Rushbrooke (1939) have repeated Wall's work, and have derived and z2/a by adjusting these for best fit.
As an example of the use of a parabolic potential, we have examined the distribution function of liquid potassium at 70° C, given by Thomas and Gingrich (1938) . This has been discussed by Gingrich and Wall (1939) , following Wall's treatment for sodium.
Summing our result (6) over all the shells i, we have 47T * 2* p0Rp = 2 i azi exp in which the left side is known from experiment. To represent any particular range of R, we can adjust a, A, and the and zt. These are sufficient to reproduce any reasonable experimental data; in fact, it is possible to approximate to any particular curve in an embarrassing variety of ways, because it is not known how many shells ought to be used in any range of R. The assumption that p(R), up to the first peak, comes entirely from the first shell of neighbours, may be a good approximation in a liquid inert gas, where we expect a roughly face-centred cubic distribution. But solid sodium and potassium have a body-centred cubic structure, in which z2/a, th at is, the ratio of the radii of the second and first shells of neighbours, is only 1*155, while the number of second neighbours, 6, is not much less than the number of nearest neighbours, 8. This leads us to expect a considerable overlap of the distributions of these shells, for liquid sodium and potassium, and makes the problem more indefinite.
We have used the following process for separating the different shells. It can be used so long as the overlap is only moderate and gives the results for a small number of shells (certainly not beyond the third shell). We determine A, a, and Nx by fitting a Gaussian distribution to the top and left side of the first peak, that is, the side with smaller R. This is best done by using the height, centre, and half-breadth. Subtracting from the whole distribution, we fit another error function to the left-hand side of the remaining distribution. A and a must be the same as before, so only N2 and z2 can be adjusted. Accurate values are not needed at this stage. We sub tract this approximate second shell from the whole distribution, leaving a somewhat altered first peak. We now revise our values of A, a, and so that an error function fits the left and top of this new peak. Then we subtract this from the whole distribution, fit an error function to the left of the remainder, and so on. In a similar manner we can find a third shell, but after this the shells overlap so much that the method is useless. The convergence is rapid when there is only a little overlap. In the unfavourable case of potassium, we found th at the process had to be carried through several cycles before the limiting result was obtained.
The results are given in table 1 assuming A = 150-3. The fit obtained, and the relative contributions of these shells, are shown in figure 5 . There is appreciable deviation near 3-6 A, where, however, the experimental results are not very reliable, owing to the importance of large-angle scattering. The results differ considerably from those obtained by Wall (1938) , Gingrich and Wall (1939) , and Coulson and Rushbrooke (1939) in th at we attribute the first peak to two overlapping shells, not to a single shell. In this respect our result shows a good deal of resemblance to the structure of solid potassium. The ratio z2/a is 1-15, very close to the corresponding result for a body-centred cubic. However, the latter structure would not have a third shell in the position we have found, while the numbers in the first two shells would be bigger. An unsatisfactory feature of the present method is the importance of the form of the theoretical distribution function where it tails off to zero. This depends on the repulsive potential near the wall of an atom 's 'cell', so th at to get a good result for the tailing-off it would be advisable to retain powers above r2 in the general potential (8). It would then be necessary to do all the integrations numerically, just as for the critical region, already men tioned. The labour is not justified in the present case, because of the uncertainty as to the forces on an atomic ion in an alkali metal.
The numbers in the shells can be altered by changes in the 'tailing-off' of the theoretical distribution, and it might be possible to make them integers by such changes. This is obviously desirable for easy visualization of the results.
We can obtain a rough check of our results in the following way. At a distance r from the centre of its cell, the potential of an atom is
where v is the vibration frequency of the atom, of mass m. We assume th at this v, derived from an Einstein model, is the same as v, the average frequency of a Debye spectrum. The Debye characteristic temperature is then 4 h v4 0 = ljfc " 3^a ( 2m)**
Our results give 0 for potassium to be 107, which is in satisfactory agr ment with the value of 100 for solid potassium, derived from specific heats (Simon and Zeidler 1926) .
